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Introduction 

The final goal of this paper is to introduce certain finite dimensional Hopf alge- 
bras associated with restricted Frobenius Lie algebras over a field of characteristic 
p > 0. The antipodes of these Hopf algebras have order either 2p or 2, and in the 
minimal dimension p 2 there exists just one Hopf algebra in this class which coin- 
cides with an example due to Radford [35] of a Hopf algebra with a nonsemisimple 
antipode (the first example of this kind in [44] does not quite fit into our scheme). 
Another feature of the Hopf algebras under consideration is that they admit trian- 
gular structures of maximal rank, so that they are isomorphic to their dual Hopf 
algebras taken with the opposite multiplications. Regarding the algebra structure 
alone, these Hopf algebras are isomorphic to the restricted enveloping algebras of 
the corresponding Lie algebras (such isomorphisms are not canonical). In particular, 
they are never semisimple. It should be mentioned that all semisimple cosemisimple 
triangular Hopf algebras over any algebraically closed field were classified by Etingof 
and Gelaki [12]. 

The Hopf algebras we deal with are instances of transformations in Hopf Ga- 
lois extensions discovered not so long ago. The Hopf Galois theory originated in 
the work of Chase and Sweedler [5] and received a full treatment by Kreimer and 
Takeuchi [21]. We recall the notion of a Hopf Galois algebra in section 1 of the 
paper. Suppose that H is a finite dimensional Hopf algebra over a field and A is a 
left _ff-module algebra which is iJ*-Galois with respect to the corresponding right 
_ff*-comodule structure. A construction of Schauenburg [38] generalizing a special 
case of commutative A and H* considered by Van Oystaeyen and Zhang [47] pro- 
duces a certain Hopf algebra L(A, H*). As was pointed out by Greither [14] in the 
commutative case the dual Hopf algebra is isomorphic to the endomorphism algebra 
E = End^f A. A similar description is valid in general. In section 1 we show that 
the Hopf algebra structure on E can be easily introduced directly using properties 
of a duality functor D between the categories of finite dimensional ii-modules and 



The author gratefully acknowledges the support of the Alexander von Humboldt 
Foundation through the program of long term cooperation 



1 



-E-modules. It is this Hopf algebra E that we are interested in. Another way to 
construct E is to twist the comultiplication in H by means of Drinfeld's process 
[11]. Such a twist is determined by an element of H ® H which is unique, however, 
only up to a "gauge equivalence" , and in the situation of primary interest to us it 
is hardly possible to see such an element. The Hopf Galois theory provides a way 
to handle the subject properly. 

There is a bijective correspondence between the quasitriangular structures on H 
and E. In section 2 we investigate a relationship between the ranks of two mutu- 
ally corresponding quasitriangular structures R on H and R on E. It is shown in 
Theorem 2.5 that dim A divides the product (rki?)(rki?) provided that A is central 
simple. In particular, rkR — dim A — dim_E, that is, R has maximal rank when H 
is cocommutative and R = 1 (g) 1. In section 3 we show that the squares of antipodes 
in both H and E are closely related to a certain automorphism 9 of the algebra A. 
Theorem 3.8 determines the order of the antipodc of E in case when H is cocommu- 
tative and A is central simple. It is described in terms of the order of the modular 
function a G H * in the group of invertiblc elements of H * . Section 4 explains how 
each iJ-invariant, with respect to a suitable module structure, generating subspace 
in the algebra H or A gives rise to a generating subspace in E or E* , respectively. 
If H is cocommutative and A is central simple, then E* is mapped onto E, giving 
a second kind of generating subspaces in E. Particular elements occurring in such 
generating subspaces are introduced and their properties are recorded. 

All the results discussed above are obtained in general Hopf theoretical settings. 
Since the algebras over a field are of main concern in this paper, basic facts from 
Hopf Galois theory are recalled in much less generality than they are available in 
the literature. Another preference of using the module structures rather than the 
comodule ones stems from the desire to find a link between the Hopf algebras and 
the representation theory, especially in case of Lie algebras. 

Suppose now that g is a finite dimensional p-Lie algebra over a field k such 
that charfc = p. To each ^ £ 5' there corresponds a finite dimensional factor 
algebra U^(g) of the universal enveloping algebra of g [42, 5.3]. Here Uo(q) is a 
cocommutative Hopf algebra in a natural way, and each U^(q) is a left [/o(fl)-module 
algebra with respect to the adjoint action. It turns out that U^(g) is /7o(fl)*-Galois 
if and only if U^(q) is central simple. In this case one obtains a Hopf algebra E$ = 
End g U^(q) as was explained above. In section 6 preceding results are reformulated 
for E^. There is a canonical way to pick out a generating subspace for E^ and a 
multiplication on this subspace which defines a structure not of an ordinary Lie 
algebra but rather of a quantum modification. What one gets here is covered by the 
concept of Lie algebras in symmetric tensor categories proposed by Manin [25] . In 
this sense E^ is an enveloping algebra of a quantum Lie algebra. 

The p-Lie algebra q is called Frobenius if there exists £, E g* such that the 
associated alternating bilinear form /3^(x, y) — £,{[xy\) defined on g is nondegenerate 
[30] . If q is Frobenius and k is algebraically closed then it follows from the results in 
[27] and [33] that the family of reduced enveloping algebras U^(g) contains a simple 
algebra. It is an open problem if the converse is true, and such a result would parallel 
the characterization due to Ooms [30], [31] of finite dimensional Lie algebras over 
a field of characteristic having primitive universal enveloping algebras. Explicit 
computations of Hopf algebras E^ for low dimensional Frobenius g are done at the 
end of the paper. 
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1. Transformation of a Hopf algebra 

We work over the ground field k. The indication of k in £g>, Horn, End will 
be omitted. Let if be a finite dimensional Hopf algebra over k. All unexplained 
notions related to Hopf algebras are taken from [28] and [43]. Denote by A, e, S 
the comultiplication, counity and antipode in if and other Hopf algebras. We write 
symbolically Ah = X^(fi) ^' ® ^" f° r h £ H. Denote by if-mod the category of finite 
dimensional if-modulcs. Given U, V G if-mod, the action of if in J7 <g) V will be 
always assumed to come via A. There are two ways to make if operate in the dual 
of V: one takes (h£,v) to equal either (£,S(h)v) or (£, S' _1 (/i)w) for ^ e 1^* and 
w G V". One thus obtains the left and right duals of V in if-mod, denoted as V* 
and *V, respectively. Put V H = {v £ V \ hv = e(h)v for all h £ if}. For U, V, W in 
H-mod there are linear bisections 

(*V ®W) H ^Hom H (V,W) ^ {W ®V*) H , (1.1) 
Hom H (V, *[/■ ® W) S Hom H ([/ ® V, W) = Hom H (C/, TT ® V*) (1.2) 

(see [18, Prop. XIV. 2. 2]). In particular, if fi : U <E)V — > VF is a morphism in if-mod, 
then the set {w G V \ fi(U ® u) = 0} is an if-submodule of V. Indeed, it coincides 
with kernel of the if-module map V — > *£7 <g> W corresponding to fM. When k stands 
for an object of -H-mod, the action of if is given by e. By a similar convention if 
operates in if G H-mod via left multiplications. On the other hand, if a d presupposes 
the adjoint action under which h>g = h'gS(h") for h,g £ H. The Hopf algebra 
if op has the same comultiplication as in if and the opposite multiplication. In H cop 
the comultiplication is the opposite one: A° p h = h" ® h! . 

Let now A be a left if-module algebra, so that the unity map k — > A and 
the multiplication map A ® A — > A are if-module homomorphisms. Changing the 
multiplication in A to the opposite one produces a left if cop -module algebra A op . 
Define linear maps 7r,7r' : A®H — > End A and 7,7' : A® A — > A® if* = Hom(if, A) 

by 

?r(aO/i)(6) = a(/i&), (1.3) 

7r'(a <8> /i)(6) = (hb)a, (1.4) 

7(a(8)6)(/i) = a(M>), (1.5) 

7'(o®6)(/i) = (fto)&, (1.6) 

where a, 6 G A and h e H. Two of these maps give homomorphisms of algebras 
7T : A # if -> End A and tt' : A op # if cop -> End A where # denotes the smash 
product algebra structure. 

Proposition 1.1. If one of the maps ir, 7r',7, 7' is bijective then so are all others. 

This is contained in [21] and [46]. The only difference is that we dropped the 
assumption A H — k on the subalgebra of if -invariants A H C A. The map 7' is 
A-linear with respect to right multiplications on the second tensorand in A ® A 
and the first tensorand in A ® if* . One obtains 7r from 7' by applying the functor 
Hom^(?, A) after natural identifications. Since the ^4-modules A<S) A and A (§3 if* 
are free, 7T is bijective if and only if so is 7'. There is a similar relationship between 
tt' and 7. Finally, 7' = $ o 7 for a suitable invertible transformation <I> of A <S> if* 
constructed in [21, Prop. 1.2]. 
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One can regard A as a right i?*-comodule algebra with respect to the structure 
map A — > A®H* such that a i— > 7(1 <8>a). The algebra A is called rig/ii H*- Galois or 
an H*-Galois extension of fc if 7r, 7r', 7, 7' are bijective [5], [20]. It suffices to assume 
only that 7 is surjective provided that A H = k [21, (1.4) and (1.7)]. If A is iJ*-Galois 
then dim A < 00. Left comodule Galois algebras are defined similarly. 

Proposition 1.2. Suppose that A is H*- Galois. Then: 

(i) As an H -module, A is free of rank 1. In particular, A H — k. 

(ii) The algebra A is Frobenius. Ifx^A* spans a onedimensional H-submodule, 
then the bilinear form (a, b) = x(a6) defined on A is nondegenerate. 

(iii) For any Af^H -module M the linear map A®M H — ► M given by a®v >— > av 
is bijective. 

Proof. Assertion (i) is the so-called normal basis property. It follows quickly from 
the Krull-Schmidt Theorem and the fact that A #H is a free left //-module of rank 
d = dim A which is isomorphic, on the other hand, to a direct sum of d copies of A 
since A# H = End A. An equivalent formulation is given in [20, Prop. 2]. Since H 
is a Frobenius algebra by [22], one has dim^l^ = 1. 

Assertion (ii) is a special case of [21, Th. 1.7(5)]. By the assumption on \ there 
exists an algebra homomorphism a : H — > k such that x(/ia) = a {h)xi a ) f° r an 
h £ H and a £ A. Then kerx is stable under H, and it follows that so too is the 
left ideal I = {b £ A | x(Ab) = 0} of A. As / is a proper A # i7-submodule of A, it 
has to be zero. 

Assertion (iii) is a consequence of the fact that M is a direct sum of copies of 
the simple A # i7-modulc A. Category equivalences in more general settings are 
described in [6], [7], [8], [40], [46]. □ 

Corollary 1.3. Let V £ H-mod, and let A operate in M = Hom(V, A) by the rule 
(aa)(v) = aa(v) where a £ A, e M and v £V. The map A ® Horny (V, A) — ► M 
afforded by this action of A is bijective. 

Proof. Let A operate in A <g> V* via left multiplications on the first tensorand, and 
let H operate via A : H — > H ® H as usual. These two module structures are 
compatible so that A eg) V* becomes an A # iJ-module. We make M into an A # H- 
module using the canonical fc-linear bijection M = A ® V* . According to (1.1) 
M H = Hom H (y, A). It remains to apply Prop. 1.2(iii). □ 

We now make a standing assumption for the most of the rest of the paper: 

A is assumed to be H*- Galois, and E = End// A. (1.7) 

By our convention both H and E operate on A from the left. Since A = H in 
H-mod, there exist a noncanonical isomorphism of algebras E = H op = H (the 
second isomorphism is given by the antipode S) and an isomorphism of _E-modules 
A = E. 

Proposition 1.4. Let U, V £ H-mod. 

(i) The contravariant functor D = Homjy(?,yl) gives a Morita duality between 
H-mod and i^-mod. The inverse functor is D^ 1 = HoniE(?, A). 

(ii) One has dimD(V) = dim V for all V. In fact D(V) = V* under noncanon- 
ical k-linear bijections which are natural in V . 
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(iii) There are k-linear bijections D(U) (8> D(V) ^ D(U £g> V), r ® cr i— » r -- cr , 
w/iere (r — cr)(u <S> u) = r(u)cr(u) /or t G D(U), a G -D(^), « £ (/, f £ 

(iv) There are perfect pairings D{V) x — > fc defined by the rule (cr, r) = 
X« (T ( e i) T ( e i ) / or CT e ^(^); r e £*(V*) w/iere {ej} and {e*} are ditaZ oases 0/ i/ie 
vector spaces V and V* , respectively. 

(v) If{<Ji} and {n} are dual bases of D(V) and D(V*) with respect to the pairing 
in (iv), then (£,v) = J2i T i(0°~i( v ) f or a ^ £ G and v EV. 

Proof. Since H is Frobenius, it follows from Proposition 1.2(i) that A is an injective 
cogenerator in A-moA. Hence D is indeed a Morita duality with D^ 1 as stated [13, 
Th. 23.25, (7) (8)]. Choosing a particular isomorphism A = H = *H in H-mod 
and using (1.2), we get bijections 

D(V) = Hom H (V, A) ^ Rom H (H <g> V, k) S< Rom„(H, V*) = V* 

of (ii). Let M = Hom(V, A). We identify V* with a subspace of M. If e*, . . . , e* 
and ei, . . . , e„ are dual bases for and V then e*, . . . , e* is also a basis for M 
over A, and cr = . a(ej)e*j for each a E M. Let o"i, . . . , a n be a basis for -D(V). 
By Corollary 1.3 <Ti, . . . , <r„ is a basis for M over A. It follows that the matrix X 
whose entry in the ith row, jth column is ai(ej), 1 < i, j < n, is invertible in the 
ring Mat„(A). Given ai, . . . , a n E A such that J^i a-iO~i{v) = for all d 6 F, one 
then has necessarily a\ — . . . = a n = 0. In particular, if n, . . . ,r n G £)(t/) and 
T»(ti)<7j(u) = for all u E U and d e V, then n = . . . = r n = 0. This shows 
that the map in (iii) is injective (this map is well-defined since the multiplication 
A ® A — > A is a morphism in .ff-mod). By comparison of dimensions the map in 
(iii) is bijective. 

There is a morphism k — > V ® in _ff-mod given by 1 1— > ^\ ej ® e*. The 
duality functor produces a map D(V) ® £>(F*) L>(F (g) V"*) £>(fc) ~ A H = fc 
under which cr (g> r 1— ► ^\ cr(e :) )T(e*). This shows that (cr, r) G fc for all cr G -D(V^), 
r G D(V*). If (crj, r) = for alH = 1, . . . , n then r = by the invertibility of the 
matrix X above. Since dimD(V) = n = dim D(V*) according to (ii), the pairing 
in (iv) is nondcgcncratc. If now n, . . . , r„ is a basis of D(V*), dual to o~i, . . . ,a n 
with respect to this pairing, and Y is the n x n-matrix containing Tj(e*) in the 
i, j-position, then XY equals the identity matrix. Hence so is YX too, since X is 
invertible. This gives ^ l T~i(e*)ai(ej) — Sij, yielding (v) for £ = e* and u = ej. Since 
the expressions in (v) are linear in £ and v, the equality is fulfilled in general. □ 

Remark. Both (iv) and (v) are consequences of (iii) in view of the abstract char- 
acterization of dual objects in tensor categories as presented, e.g., in [18, XIV. 2]. 
By the above proposition, for any U',V E E-mod there is a E- module structure 
on U' ® V coming from the isomorphism V <8> V = D(D^ 1 (U') (g> D^ 1 ^ 1 )). If 
also W G £-mod, then the canonical map U' ® (V ® W) -> {U' ® V) <g> W is a 
morphism in E-mod. Thus _E-mod becomes a tensor category in which every object 
has a left and a right duals. This additional structure on £?-mod corresponds to a 
Hopf algebra structure on E. A more explicit argument is given below. 

Lemma 1.5. Given G E, there are unique elements ^ </?■ <X> <p" G i? (E> S and 
® ® y"' E E ® E ® E such that <p(ab) = J2t v'MWi '( b ) f or al1 a,b E A 
and (f(abc) = J2 3 fji^Vj^fj'i ) f or a ^ a,b,cE A. 
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Proof. Note that E = D{A). By Proposition 1.3(iii) E <g> E = D(A <g> A) and 
£?®.E(g)i? = iI>(j4(g>j4(g)j4). It remains to notice that the maps a <E> b i— > y>(a6) and 
a (g> 6 <£> c (p(abc) are elements of Z)(A <g) A) and D(A <g> A <g> A), respectively. □ 

Theorem 1.6. There is a unique comultiplication on E with respect to which E is 
a Hopf algebra and A is a left E-module algebra. The algebra A is E* -Galois and 
the canonical map H — > Ends A is bijective. 

Proof. Define A : E — > E <S> E by assigning to each <p £ E the element oi E ® E 
described in Lemma 1.5. Both (A eg) id)A(<£>) and (id(8>A)A(<^) correspond to the 
map a®b® c^> (p(abc) in D(A ® A (g> A). Hence A is coassociative. Next, we have 
y(l) G A H = fc for all (f e E. Define e : E — > fc setting e(<p) = y>(l). Substituting 
either a = 1 or = 1 in the identity <^(ab) = <P '( a V' '(b), we see that e is a 

counit for A. If <p, ip € E then 

{^)(ab) = <p(J2 VWW) = E ¥>VWV"(&) 
(VO M,M>) 

for all s,iie A, whence A.(ipip) — A(ip)A(ip). One has also A(kLt) = id^igiid^ so 
that A is a homomorphism of unital algebras. 

We will check next that the bialgebra E has an antipode. Let E + = {ip 6 E \ 
e(<p) = 0} denote the augmentation ideal of E. Since A is a cyclic free iJ-modulc, 
E + A is a subspace of codimension 1 in E. Take x e A* such that kcrx = E + A. 
Since the actions of H and E on A commute with each other, E + A is iJ-stable. 
Then A/E + A is a onedimensional iJ-module on which H operates via an algebra 
homomorphism a : H — > k. So x(ft.a) = a(/i)x(a) for all h G iJ and a e A By 
Proposition 1.2(h) the bilinear form (a,b) — x(a6) is nondegenerate on A. Hence 
for each (p £ E there exists the adjoint linear transformation S(ip) : A — > A such 
that (ipa, b) = (a, S(ip)b) for all a, 6 6 A. Let k a = k as a vector space, and let _ff 
operate in k a via a. The map A ® A — > fc Q , a <£> 6 ^ x( a ^) i s then a morphism in 
ii-mod. By (1.2) it corresponds to an iJ-module map v : A — > A®£; Q . Forgetting the 
_ff-module structure, we may identify the target of v with the dual of A, and then 
v(b)(a) — x( a b) for a, b e A, so that v is bijective. Next, S(ip) = v~ x o (*<^ ® id) o i/ 
where *<p is the 7J-module endomorphism of *A defined by £ 1— > £ o iys. It follows that 
5(93) e End# A. We have thus constructed a map S : E ^ E. Now 

efaMafr) = x(?(a6)) = x(E <^'« ■ v"b) = x(a • £ S(pV'6) 

(*>) (v) 

for all a, 6, and the nondegeneracy of the bilinear form entails J2( v ) S(<P')<P"b — 
s(<p)b. Hence S is a left inverse of id# in the convolution algebra Hom(_E, E). Since 
left invertiblc elements in finite dimensional associative algebras are invertible on 
both sides, S is the antipode of E. 

Corollary 1.3 shows for V = A that the map A ® E — > End^l defined in (1.3) 
with E in place of H is bijective. Hence A is £?*-Galois. The bijectivity of the map 
H — > Ends A is a general property of Morita dualities. □ 

Remarks. The Hopf algebra L = L(A, H*) constructed by Schauenburg is char- 
acterized by the properties that A is left L-Galois and the coaction of L on A 
commutes with that of H* [38, Th. 3.5]. It follows that L = (E°p)*. The existence 
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of antipode in L is a consequence a result in [39] according to which every bialgebra 
coacting on a Galois algebra is in fact a Hopf algebra. 

There is a well-known characterization of Galois algebras as crossed products [7, 
Th. 9, Th. 11], [4, Th. 1.18]. According to these results one can identify A with H* 
as a left 77-module, and the multiplication in A is then obtained by twisting the 
multiplication in H* so that £ -j n — < v )(€' ® »?'> <^)£'V f° r <= H* where 
J E H ®H is an invertible cocycle. This realization of A provides a particular choice 
of an algebra isomorphism E = ii op with respect to which the comultiplication in E 
corresponds to the J-twist h i— > JA(h) J -1 of the comultiplication in ii as defined 
by Drinfcld [11]. From the viewpoint of Drinfcld's twists some properties of the 
transformed Hopf algebra were studied in [1]. The nondegenerate twists defined in 
[1] correspond to central simple Galois algebras. 

Lemma 1.7. An element ip E E is grouplike if and only if ip is an automorphism of 
A. Similarly, h E H is grouplike if and only if h operates on A as an automorphism. 

This is immediate from Lemma 1.5 and the symmetry between H and E. 

Lemma 1.8. Let V E if-mod. The pairings of Proposition 1.4(iv) induce isomor- 
phisms D(V*) = *D(V) and D(*V) ^ D(V)* in E-mod. 

Proof. The pairing D(V) x D(V*) — > k is _E-invariant in the sense that e(ip)(cr, r) — 
S( ¥ .)( < ^' <7 ' L P" T ) f° r au °~ e T 6 i^(V*) and ip EE. k standard transformation 

of this identity gives (a,S(tp)r) = (ipa,r), whence the first isomorphism. Since 
(*V)* = V, there is also an ^-invariant pairing D(*V) x D(V) — > fc. □ 

2. A correspondence between triangular structures 

A quasitriangular structure on a Hopf algebra 7J is an element R = J2 i r[®r'l E 
H ® H satisfying the following conditions: 

A op (h)R = RA(h) for all /j e Jf, (2.1) 
(e<8>id)(fl) = l, (id®e)(i2) = l, (2.2) 

(A <g> id)(R) = R 13 R 23 , (id®A)( J R) = i?i 3 i?i 2 (2.3) 

where R pq for 1 < p, q < n denote the image of R under the algebra homomorphism 
H®H — > which identifies H ® 1 and 1 <S> if with the pth and gth tensorands of 
H® n , respectively. As shown in [36, Lemma 1], the above conditions imply that R 
is invertible (with i? _1 = ^ S(r'A <g> r") in accordance with the original definition 
due to Drinfeld [9]. If R^ 1 = R21, then R is called triangular. 

The map f r : H* — > iJ defined by = X^i (£> r i) r i f° r £ <E if* is a homomor- 
phism of algebras and an antihomomorphism of coalgebras. Similarly, /; : if* — ► if 
defined by /;(£) = X^^'O'I i s an antihomomorphism of algebras and a ho- 
momorphism of coalgebras. As a consequence Ri = Im/; and R r = Im/ r are 
Hopf subalgebras of if. If in the expression J2i r 'i ® r " the elements {r-} form a 
basis for i?;, then the elements {r"} form a basis for i? r . Define the rank of f? 
as rkf? = dimi?; = dimf? r [37]. By Nichols and Zoeller's freeness theorem [29] 
rkf? j dimH when H is finite dimensional. We say that R is of maximal rank if 
rki? = dim if. 

A quasitriangular structure R on H determines a braiding on the tensor category 
ff-mod given by the maps 



7 



cuv ■ U ®V ~ V <g>U, w <g) ?; ^ £ r"v <g> r[u 

i 

(see [18, VIII. 3]). This makes iJ-mod into a braided tensor category as defined by 
Joyal and Street [17]. 

Lemma 2.1. Suppose that R is a quasitriangular structure on H and A is a left 
H-module algebra. Then the formula T(a,b) = E^r-'&Xr-a) f or a,b E A defines a 
new associative multiplication on A such that T{a, 1) = T(l, a) = a for all a E A. 
The map T is H -invariant, so that An = (A, T) is a left H-module algebra. If A is 
H*-Galois then so is Ar too and End# Ar = (End# A) cop as Hopf algebras. 

Proof. The map A® A — > A given by a®b i— ► T(a, b) is the composite of the braiding 
map caa ■ A ® A — > A ® A and the original multiplication A <g> A — > A, both of 
which arc homomorphisms of if-modules. The unity property of 1 follows from 
(2.2). The associativity of T is a consequence of formal properties of the braiding 
(Ar and A are opposite algebras in the braided tensor category of H- modules). A 
straightforward verification is as follows. If a, b, c E A then 

T(a,T(M) = E rUWcMb)) ■ {r'a) = £ (r^'c)(rf r;&)(r^a) , 

i,l 

T(T(a,b),c) = ZWc)-r>((r' l 'b)(r' l a)) = £ (r?rJ' C )(rft'&)(r#a) 



by (2.3). The two expressions above are equal as follows from the well known identity 
R12R13R23 — R23R13R12 (see [10]) explicitly written as 

£ rft ® rf r| ® r$'rf = £ r^r,' <g> r[r'( ® r'^ . 

i,3,l 

Consider the canonical homomorphism tt : Ar^H — > End A. Thus ir(a#h)(b) = 
T(a, hb) = £ i (rf W>)(r» for a,b E A and h E H. Let iT 1 = £\ ® r]. Then 

£ 7r(r$a # r?)(&) = E (r?r?6)(rft«) = 

since £ 4 . r -r ^ ® r "r" = 1 <g> 1. This shows that Im tt contains the subalgebra of 
right multiplication operators b *—> ba in A. On the other hand Im7r contains also 
the subalgebra of operators in End A given by actions of elements in H. By the 
bijectivity of map (1.4) these two subalgebras generate the whole End A whenever A 
is iJ*-Galois. In this case ir is surjective, hence bijective by dimension considerations, 
so that A R is iJ*-Galois. Let E — End H A. Then End# A R = E as algebras since 
Ar = A as _ff-modules. Finally, Ar is a left _E cop -module algebra as for <p E E we 
have 

<p{T(a,b))= £ { V 'r'{bWr' i a)= £ (r'/ V 'b)(r'^"a) = £ T(<p"a, <p'b). 

h(v) (<p) □ 

Further on we make the same assumptions as in section 1, that is, A is i?*-Galois 
and E = End# A. 
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Proposition 2.2. There is a bijective correspondence between the quasitriangular 
structures on H and E under which R — Ej r 'i® r 'l an d R — E m P'm®Pm correspond 
to one another if and only if 

E W'6) fta) = E (p» (p' m b) for all a, b G A. (2.4) 

i m 

Furthermore, R is triangular if and only if so is R. If c and c denote the bradings 
of the categories H-mod and E-mod determined by R and R, respectively, then for 
each pair U, V G H-mod there is a commutative diagram 

D(c uv ) 

D{V®U) > D(U®V) 

T g T (2-5) 

D(V) ® D(U) > D(U) ® D(V) 

w/iere tfte vertical arrows are the bisections of Proposition 1.4(iii). 

Proof. According to Proposition 1.4 D(A <g> A) = ® -0(A) — E ® E. Given 

i?, the map a®b^> Ei ( r i'^)( r i a ) i s an element of D(A ® A) by Lemma 2.1. It 
follows that there exists a unique element R G £7 <g> E satisfying identity (2.4). We 
will check that R is a quasitriangular structure on E. If <p G £7 then, applying </? to 
both sides of (2.4), we deduce 

E (^WV i0 )= E («o)TO)- 
(*>)>"» 

Since the actions of if and E on A commute with each other, the left hand side can 
be rewritten as 

E (^W'rja)= E (r'^'b)(r' iV "a)= E (p^W™^) , 

(<p),i i,(tp) m,(ip) 

again by (2.4). Thus E( v ), m P>" ® P>' = E (v ), m PVrJi ® ^'V™ as both sides of 
this equality correspond to the same element in D(A<giA). Swapping the tensorands 
yields RA(tp) = A°P{ip)R. 

Taking b = 1 in (2.4), we get J2 m £ (P'm)Pm a = E s £ ( r i') r i a = a f° r au a - Hence 
(e <g> id)(i?) = 1. The substitution a = 1 in (2.4) gives similarly (id®e)(i?) = 1. For 
a, 6, c G .A we have 

E (P»P'm(bc) = E r''(be)(r>a) = £ (r^)(rf c)(r^a) 

= E (r^JOCrJ-aJO^c) 

= E (^(r^X^c) 

= e (p>;»(p^)(p^c). 

The map A ® A (£) A ^ A given by the rule a®6®c^ Em(/ 3 m tt )/'m(M i s clearly 
a morphism in f/-mod. By Proposition 1.4 D(A ® A ® A) = E ® E ® E. It follows 
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from the displayed ^quality that (id <g> A)(£ m p'L ® Pm) = E m ,n PnP'L ® Pn® p'rm 
and thus (A <g> id)(R) = T, m ,„ Pn® P' m ® PnP'L = #i3#23- Taking a in (2.4) to be a 
product of two elements, we deduce similarly that (id <8>A)(i?) = R13R12. We have 
thus constructed a map R R in one direction. By symmetry between H and E 
there is also a map in the opposite direction which is clearly the inverse one. Next, 

E {r'y^ir'^b) = £ { P 'Lr';b){p' m r' 3 a) = £ (r>> p^b)(r' jP > m a) 

= E {PnP'm a ){p' n P'in b )- 
m.n 

If R21R — 1 <8> 1 then the left hand side is equal to ab for all a, b, whence R21R = 

E m ,„ ft^X = l«l' 

Let t e D({7), a £ D(V), u e U, v e V. The commutativity of (2.5) is verified 
by the following calculation: 

E oWlv)T{r' t u) = £ r'! aivXriu) = £ p'^T(u)p' m a(v) . 

i i m I — I 

Until the end of this section we assume that R and R are mutually corresponding 
quasitriangular structures on H and E. The next result is a special case of Theorem 
2.5. However it is much easier to handle this special case which will be eventually 
of main interest to us. 

Proposition 2.3. ^Suppose that A is central simple. If H is cocommutative and 
R=l®l then rk_R = dim A. 

Proof. Under the stated hypotheses equation (2.4) can be rewritten as 

ba = £(/4«)(/4 & )- 

m 

It shows that the right multiplication by a in AJis given by action of the element 
E m P>#P' m tA# E. Since £ m p' m ® p'^ E Ri ® R r , we have 

m 

Then the image of the canonical homomorphism A ® A op — ► End A is contained in 
the image of A# Ri. Since A is central simple, one has A ® A op = End A, whence 
the map A # _R; — > End A is surjective. The latter map is the restriction of the 
canonical homomorphism A# E — > End A which is bijective since A is _E*-Galois. 
It follows that Ri — E, and so rki? = dimi?; = dimi? = dim A. □ 

Lemma 2.4. There is a homomorphism of algebras $ : Ar ® A# {H ® E) 

such that 

a®l^u a = Y J P> # (1 ® //J, 1 ® a ^ «a = E # W ® 1) 

m i 

for a € A. If the algebra Ar is central simple then dim A | (rk R) (rk R) . 

Proof. We may regard A as an (H <g> i?)-module algebra since the actions of _ff and 
E on A commute. Let it : A (H ® E) — > End A be the canonical homomorphism. 
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If a, b G A then n(v a )(b) = T(b, a) where T is the multiplication in Ar. By (2.4) we 
have also ir(u a )(b) = T(a,b). In other words, ir(v a ) and ir(u a ) coincide respectively 
with the right and the left multiplication operators in Ar. Identify H and E with 
the subalgebras H ® 1 and 1 <S> E of if <S> E. The restriction of 7r to each of these two 
is an isomorphism since A is both £F-Galois and £7*-Galois. Note that u a G A # E 
and v a e A # ii . It follows that w a Ufc = UT{ a ,b) an d "a"t = v T{b,a) f°r au a, 6 G A. 
Next, 

In view of (2.4) v a ui, = UbV a - Hence the map $ defined by the rule a <g> b >— ► u a «fc is 
a homomorphism of algebras. 

We see that Im $cB = A| (i?; <8> i?/). Suppose that is central simple. Then 
so are and ^4^(8)^4^ as well. Hence $ is an embedding and B = Im$(8>C where 
C is the centralizer of Im$ in B by [15, Th. 4.7]. It follows that dimlm<l> | dimB. 
As dimlm$ = (dim^4) 2 and dimi? = (dim ^4) (rk R) (rk R) , the final claim of the 
lemma is proved. □ 

Theorem 2.5. If A is central simple then dim A | (rk R) (rk R) . 

Proof. The passage from A to Ar can be reversed with the same construction. As is 
easily checked, R^i is another quasitriangular structure on H [24, Exercise 2.1.3]. 
Letting i? _1 = Ej^ ®^j'> tne multiplication in the algebra (Ar^-i is given by 
the formula 

(a, 6) ~ E Ar'jby'a) = E (r?r?a)(r<r$&) = ab, 

3 t,j 

which is the original multiplication in A. By Lemma 2.1 An is 7J*-Galois and 
End H A R = E c °p. Let R- 1 = E n Pn®Pn- As 

ab=J2 (p'LP»(p' m Pnb) = E T{-py,-p' n b) 

m.n n 

for all a, b G A, formula (2.4) applied in case of the ii*-Galois algebra Ar shows 
that i? _1 is the quasitriangular structure on E cop corresponding to R^i- Since 
R- 1 = E, S(r!i) <g) r'! by [10], we have rki?^ 1 = rki?. Similarly, rkfT 1 = rkE. It 
remains to apply Lemma 2.4 with Ar in place of A and R^f in place of R. □ 

Remark. At the other extreme when A is commutative (and H is necessarily 
cocommutative), one has rki? = rki?. 

3. The Miyashita-Ulbrich action and the square of the antipode 

Given an ii-Galois algebra, there is a canonically defined right action of H on 
the algebra under consideration [46] , [8] . The next proposition restates several facts 
from [8, Th. 3.4], with H and H* interchanged by our conventions. So let A be 
again an fP-Galois algebra. 

Proposition 3.1. Suppose B is an algebra containing A as a subalgebra. There is 
a unique right H*-module structure on B such that 
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ba = J2 ( h id)(bh*) for all a G A and 6 G B 



(3.1) 



where {hi} and {h*} are dual bases of H and H* , respectively. It makes B into 
an H*-module algebra, and the subalgebra of invariants B H coincides with the 
centralizer of A in B. Let £ G H* . If Vj (g> Wj G A <E> A is the preimage o/ 1 (£> £ 
under bisection (1.5), so i/iai v j(^ w j) — (£> / or a ^ h E H , then 

K = E fj^j for a11 b e B. (3.2) 

j 

In particular, A is a right i?*-module algebra in a natural way. The £F-comodulc 
structure on A is given by the map a t— ► ^2 h%a <S> h*. Hence (3.1) is exactly the 
exchange rule from [46], [8]. The symmetry between H and H* is apparent in (3.1). 
Formula (3.2) was used by Ulbrich [46] to define the module structure explicitly. 
This formula reflects the fact that the preimage of 1 ® H* under bijection (1.5) is a 
subalgebra of the tensor product algebra A <g) A op isomorphic to (H*) op . This can 
be further refined as follows: 

Lemma 3.2. Bijection 7 given by (1.5) is an isomorphism between two algebra 
structures: A® A op ^4 A # (H*) op . If B is an algebra containing A as a subalgebra 
andn : A# (H*) op -> EndB is defined by n(a # £)b = a(b£), then 

(it o 7)(c ® a)(b) = cba, where a, c£ A, b G B, £ G H* . 

Proof. As 7(0 ® a) = J2i c (^i a ) ir~ K' tne formula for 7F o 7 follows at once from 
(3.1). We see that tt o 7 is an algebra homomorphism. Since tt is also an algebra 
homomorphism, we can conclude that so is 7 too provided that tt is injective. Since 
7 is a bijection, tt is injective if and only if so is tt o 7. Thus it suffices to embed A 
into a central simple algebra B. For instance, we may take B = End A. □ 

Proposition 3.3. The algebra A is separable if and only if A is H* -projective. The 
following conditions are equivalent: 

(i) A is central simple, 

(ii) A is left H -Galois with respect to the comodule structure a 1— > J2i hi ® ih*, 

(iii) A is H* -projective and A H = k. 

This is again just a special case of results in [46], [8]. A direct argument based 
on Lemma 3.2 runs as follows. First note that "A is i/*-projective" implies that 
A is D-projective where we put D = Ajf (H*) op . In fact A is a D- module direct 
summand of M = D ®m*)°p A as the D-module map A — > M, a 1— » (a # 1) ® 1, 
has a left inverse M — > A, d ® a ^ da. Clearly M is D-projective when ^4 is 
i/*-projective. Conversely, " A is D-projective" implies "A is _ff*-projective" since 
D is a free left module over (H*)° p . In view of Lemma 3.2 A is _ff "-projective if 
and only if A is A Cg) A op - projective. The latter condition is the defining property of 
separable algebras. Next, A is _ff-Galois if and only if tt : A # (H*) op — ► End A is 
bijective, and A is central simple if and only if so is ttoj. Hence (i)<*=>(ii). As stated 
in Proposition 1.2 condition (ii) implies that A is a cyclic free iP-module, whence 
(ii)=>(iii). If (iii) holds then A is separable with center A H = k, which gives (i). 

Let x G H be a left integral, that is, a nonzero element such that hx = e(h)x 
for all h G H. Since the space of left integrals is oncdimcnsional, there is an algebra 
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homomorphism a : H — > k such that xh = a(h)x for all h € H. This defines a 
grouplike clement a E iJ* with inverse oT 1 = aoS. We call a the modular function 
on iJ. The Hopf algebra 77 is unimodular if a = e. We will use left and right actions 
of H* on H given by 

Z^h = Y,&h»)h', h<-£ = Y,&h')h"- (3-3) 

Let E = End/f A as in the preceding sections. Likewise we may regard H as a 
subalgebra of End A. 

Proposition 3.4. The linear function xei* defined by x{a) = xa satisfies 

X{<pa) = s{ip)x{a), x(ha) = a(h) X (a) (3.4) 

for all ip E E, h E H and a E A. There exists an automorphism of finite order 
9 : A — > A such that 

X(ba) = X (a ■ 9b) for all a, b E A. (3.5) 

One has 

dif>Q~ x = S 2 (ip), OhO' 1 = S 2 (a~ 1 ^h^a). (3.6) 

Proof. Clearly xA C A H = k, so that x 1S wen defined. Now xif ) = <fi(xa) = 
x(a)ip(l), which gives the first formula in (3.4). The second one is immediate from 
the definition of a. By Proposition 1.2 the bilinear form (a, b) i— > x(afe) on A is 
nondegenerate. The existence of an automorphism 9 satisfying (3.5) is a general 
property of Frobenius algebras (9 is the Nakayama automorphism of A). Since 
(hb)a = J2 {h) h'(b ■ S(h")a), it follows from (3.4) that 

x ((hb)a)=x(b-S(h<-a)a). (3.7) 

Applying (3.5) to both sides, this can be rewritten as 

x{a-6(hb))= X (S(h^a)a-6b). 

Observe that S(h ^— a) a = S(a^ 1 — 1 h a). Using (3.7), the right hand side 
of the displayed equality above can be rewritten as x( a ' S 2 (a^ 1 h a)9b). The 
nondegeneracy of the bilinear form (a, b) i— > x(a6) entails 

(9(^6) = S 2 (a~ 1 -^h^a)9b. 

A similar computation with s in place of a proves the first formula in (3.6). By 
[34] the antipode of the Hopf algebra E has finite order, say e. It follows then 
from (3.6) that 9 e centralizers all ip G E, that is, 9 e E End^A = H. Since 9 e is 
an automorphism of A, it is a grouplikc clement in H by Lemma 1.7. Since the 
grouplike elements in H constitute a finite group, 9 e has finite order. Then so does 
9 too. □ 

Proposition 3.5. Suppose that R = J^i r 'i ® v 'l an d R = Tim Pm ® Pm are mutually 
corresponding quasitriangular structures on Hopf algebras H and E , respectively. 
Denote by u = an< ^ $ = J2 m S(Pm)p'm Drinfeld's elements in H and 
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E. Then 9 = 5g Q 1 5(u) 1 where g a = X^ a ( r D r i' * s a grouplike element in H. In 
particular, 9 = S G E when H is cocommutative and R = 1 <S> 1 . 

Proof. Apply X to both sides of (2.4). As x(^pa ■ 6) = x(a • S(<p)b) in view of (3.4), 
we have 

X(EP>-P' m b)=x(a-Sb). (3.8) 

m 

Identity b(ha) = J2(h) ^'{S' 1 ^ 1 ^ ■ a) together with (2.3) give 

E(») = E^(s-W-«). 

Here S^WK' = ^H") = b y [10]- Using (3.4) and then (3.5), we get 

X(E <b ■ r[a) = X (S(u)g a b ■ a) = X (a ■ 9S(u)g a b). (3.9) 

i 

Comparison of (3.8) with (3.9) gives S = 9S(u)g a in End A. □ 

Remark. Since S{u)g a E H, equality (3.6) shows that S 2 (<p) = StpS^ 1 for all 
ip € E. This is known to hold in any quasitriangular Hopf algebra [10]. If H is 
cocommutative and R = 1 <g> 1 then S is an automorphism of A, hence a grouplike 
element in E. This is a general property of triangular Hopf algebras. 

Lemma 3.6. Suppose that H is cocommutative and A is central simple. If r\ G A* 
is a linear function such that kern = [A, A], then rj(ha) — e(h)n(a) for all h G H 
and a G A. 

Proof. The action of H on A is inner, that is, there exists a convolution invertible 
linear map u : H —> A such that ha = ^2^) u (' l ') au_1 (' 1 ")- This is proved in [4, 
Th. 2.15], for Hopf Galois extensions; more general results in [3], [19], [26] show that 
any measuring action of a coalgebra on a central simple algebra is inner. Using the 
identity 77(06) = 77(60) and the cocommutativity of H, we obtain 

77(00) =77(oEm- 1 (o")u(^')) =e{h)n{a). 

(h) □ 

Proposition 3.7. If H is cocommutative and A is central simple then 9 is given by 
the Miyashita- Ulbrich action of the modular function a G H * . 

Proof. Since A is a cyclic free _ff-module and H is a Frobenius algebra, every simple 
_ff-module can be embedded in A. In particular, A contains a nonzero element w 
such that hw = a(h)w for all h G H. As Aw is a nonzero submodulc of the simple 
A#7J-module A, we must have Aw = A. This shows that w is left invertible, hence 
invertible in A. Similarly, A contains an invertible element v with the property that 
hv = a~ 1 (h)v for all h G H. Now h(vw) = e(h)vw, that is, vw G A H = k. We may 
assume after rescaling that w = v' 1 . Since v(hw) = a(h)l for all h, formula (3.2) 
gives bet = vbw for 6 G A. 

Take 77 as in Lemma 3.6 (note that [A, A] has codimension 1 in A). Define \' G A* 
by x'( a ) — v{ av )- Then x'(ha) = n(a-S(h)v) = a(h)n(av) = a(h) X '{a) for all h G H 
and a G A. Again by the properties of the iJ-modulc A the largest ii-semisimple 
factor module of A contains all oncdimcnsional H- modules with multiplicity 1. 
Hence X ' is a scalar multiple of \- Rescaling 77, we may achieve X ' = X . Now 
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x(ba) = rj(bav) = rj(avb) = x(avbw) = x{ a ' ba). 

The nondegeneracy of the bilinear form (a, b) i— > x(a6) entails 9b = ba for all b G A. 
□ 

Theorem 3.8. Suppose that H is cocommutative and A is central simple. Let n be 
the order of a in the group of invertible elements of H* . The antipode S of the Hopf 
algebra E = End# A satisfies S 2n = id. // 1 is the only central grouplike element 
in H , then the order of S 2 equals n exactly. 

Proof. By Proposition 3.3 A is ii-Galois. In particular, H* operates faithfully in 
A. This shows together with Proposition 3.7 that 9 has order n. Then S 2n — id by 
(3.6). Suppose that S 2e = id for some e > 0. Then 9 e is a grouplike element of H, 
as we have seen in the proof of Proposition 3.4. On the other hand, 9 G E according 
to Proposition 3.5. Then 9 e G H n E, that is, 9 e belongs to the center of H. Under 
the assumption that H contains no nontrivial central grouplike elements we obtain 
9 e = 1, that is, n divides e. □ 

Proposition 3.9. Suppose that H is cocommutative and A is central simple. Let 
the triangular structure R = J2 m Pm ® Pm on E correspond to R= 1 ® 1 . Then the 
Miyashita- Ulbrich action of E* on A is given by the rule 

< = E(^Pm)Pm« foraeAand^efi*. (3.10) 

m 

Proof. Since the map / : E* — > E under which £ i— > ^ m (£, Pm)Pm 1S an antihomo- 
morphism of algebras, formula (3.10) does define a right -E*-module structure. By 
Proposition 2.3 rki? = dim_E. We may assume therefore that {pJJ,} is a basis for E. 
Let {Cm} be the dual basis for E* . As /(£ m ) = p' m for each m, formula (2.4) can be 
rewritten as ba = J2 m (Pm a ){b£,m)- This coincides with (3.1) written for E in place 
ofH. □ 

4. Generating subspaces 

Denote by if-alg (respectively, ii-coalg) the category of finite dimensional left 
ii-module algebras (respectively, left H- module coalgebras). If /i : B <E> B — > B is 
the multiplication in B G H-a\g then, by passing to duals, we obtain an _ff-modulc 
homomorphism yu* : B* — > B*®B* which makes B* into a coalgebra. Because of the 
isomorphisms (U <g> V)* = V* ® [7* in _ff-mod, we must identify here -B* (gi £?* with 
the dual of B ® B by means of the pairing (£ ® rj, a ® 6) = (£, 6} (77, o) for ^, 77 e _B* 
and a,b £ B. Thus the coalgebra constructed is the dual of i3 op . One can use right 
duals quite similarly. In this way we get two functors L,R : H-a\g — > i/-coalg for 
which £> 1 ^ (B op )* and B 1— > *(B op ), respectively. Both of them are equivalences 
with inverse functors C 1— > (*C) op and C (C*) op . All parallel constructions apply 
in case of the Hopf algebra E. In view of Proposition 1.4(iii) the duality D takes 
H-a\g to S-coalg and if-coalg to E-a\g. If C e i?-coalg then D(C) = Hom ff (C, A) 
is just a subalgebra of the convolution algebra Hom(C, A). If B G -H-alg then the 
comultiplication ip 1— ► J2^tp' ® i>" in f(-B) = Hom^(i3,A) is characterized by 
means of the identity ^(bd) = E(^) ^ ifyip" (d) where b,d E B. 

Concerning the notations we use here one should keep in mind what part of 
structure is affected by them. For instance, B op indicates the change of multipli- 
cation. As an ii-modulc B° p = B. In the same way the notations B* and *B are 
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used to distinguish two module structures without any relevance to the coalgebra 
structure. 

Proposition 4.1. Let B e H-a\g. 

(i) The H -invariant elements of the algebras B° p ® A and A ® B op constitute 
their subalgebras isomorphic to B' = D((B° P )*) and B" — D(*(B op )), respectively. 

(ii) The E-module structures on B' and B" correspond to the action of E on the 
second tensorand of B op eg) A and the first tensorand of A® B op . 

(iii) The pairings D(B) x B' — > k and B" x D(B) — > k of Proposition 1.4(iv) 
are given by 

<V>,a)=EV<(&iK, (t^) = E«;#;) (4-1) 

« j 

where o e B' corresponds to Ej hi ® ai G (i? op <g> t E B" corresponds to 

Ej a j ® &j e (i4 <g> £ op ) H , and V G 

(iv) If the algebra B is generated by an H -invariant subspace V, then (B° p ®A) H 
is generated by (V <g> A) H and (A ® B op ) H is generated by (A <g> . 

Proof. By (1.1) L>(V*) = Hom H (y*, A) (V ® for any V G H-mod since 
*(V) = V. Similarly £>(*V) = (A <g> F) ff This applies to V = B. On the other 
hand, both B' and B" are subalgebras of the convolution algebra Hom(C, A), where 
C = (B op )*, isomorphic to B op <g> A. This shows that B' is embedded into B op ® A 
(resp., B" into ^4 <g> B op ) as a subalgebra. If <p £ E and cr G B', then ipa is given by 
the juxtaposition of maps. When interpreting a : B* — > A as an element of B ® A, 
this exactly corresponds to the action of tp on the second tensorand. Similarly for 
B". Next we compute the pairings in (iii). By the hypotheses <r(£) = Ei(£>ki) a i f° r 
£ G B*. Let {e/} and {e,*} be dual bases of B and B*. Then 

The expression (r, ^) = Ez T ( e *)' ( /'( e j) is transformed similarly with a use of equality 
r(£) = Ej(£> ^'j) a 'j- Under the hypotheses of (iv) let G C B' be the subalgebra 
generated by the _E-submodule D(V*) C B'. Then G is stable under E, and so 
G G £-alg. It follows that G" = (*£>- 1 (G))° P is a subalgebra of B containing V. 
Since V generates B, we get G' = B. Hence G = B' . In view of the identifications 
in (i) this gives exactly the first statement in (iv). The other one is similar. □ 

Proposition 4.2. The diagrams below are commutative up to natural isomorphisms: 

B-alg -^B-coalg B-alg 
D i i D D i 

E-coalg^- B-alg, B-coalg 

Proof. Let B G B-alg and C = (B op )*. The pairing D(B) x D(C) -> fc identifies 
D(B) with the left dual of B(C) in B-mod by Lemma 1.8. We have to check that 
the coalgebra structure on D{B) correctly corresponds to the algebra structure 
on D(C) under this pairing. Let ip G D(B), and let a, r G D(C) correspond to 
Ej °i ® a, and Ej ® c j m (B op <8) A) H under identifications of Proposition 4.1. 
Then E, j ^j&i ® a i c j corresponds to err. By (4.1) 



B-coalg 
B-alg. 
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(V>,o-r) =Y l *P(djbi)a i c J = J2 ip'idjWihJaiCj = J2 W>', t)(i/>", a), 

that is, D{B) is the dual of D(C) op . The commutativity of the second diagram is 
verified similarly. □ 

Next we will evaluate the composite functors H-a\g — ► E-a\g at certain ff- 
module algebras of particular interest. Note that H is a left iJ-module algebra 
with respect to the adjoint action of H, and so is H* with respect to the action 
(h — ^ £, g) = (£, gh) where g,h E H and £ E We use notations 7? ac j and H*^ to 
specify these particular module structures. 

Proposition 4.3. One has the following isomorphisms in E-a\g: 

(i) D((A°p)*) D(*(A°*>)) ^ £1, 

(ii) ifB = H*_+ then D((B°p)*) S L>(*(B°p)) S A, 

(iii) fl = # ad t/ien D((B°p)*) = #(*(£° P )) S £ ad . 

Proof. According to Proposition 4.2 £>(*(A°p)) = (D(A)*)° P . Next, £>(A) = £. 
The action of E on D (A) is that by left multiplications, and the coalgebra structure 
on E defined in section 1 is a particular case of those structures on D(B) for 
B E -ff-alg. The action of E in E* used here is given by {ip —r£,ip) = (£,S(<p)ip) 
where <p, tp E E and £ E E* . Since S is a Hopf algebra antiautomorphism, the 
assignment ^n(oS defines an isomorphism of algebras (E*) op — ► Under this 
bijection (95 —7 £) o 5 = <p — 1 (£ o 5) as both linear functions produce (£, S((p)S(ip)) 
when evaluated at -0- Thus (E 1 *) 015 = E^ in -E-alg. To prove the other isomorphism 
in (i) one should just replace S with everywhere above. 

Replacing E with H in the argument above, we get (H*) op = in -ff-alg. 
Hence *(B°p) = H in #-coalg for B = Similarly (B op )* = i?. To prove (ii) it 
remains to check that D(H) = A in -E-alg. The assignment a 1— ► <7 a where a a {h) = ha 
for a E A and h ^ H gives a linear bijection A — > D(H). lib ^ A then the equality 
/i(afr) = ^2^(h'a){h"b) shows that er a h = o" a o"fe. The identity ip(ha) = h(ipa) for 
<p E E gives <pcr a = c^a. Thus the multiplications and the E- module structures do 
correspond correctly. 

Let us prove (iii). We regard End A as an H- module algebra with respect to the 
adjoint action ht> ip = J2(h) h 1 o ip o S(h") where h E H and ip E End A. Note that 
E = (EndA) H . The embedding H ad — > End A and the map A — ► End A given by 
left multiplication operators ol are morphisms in iJ-mod. Hence so too is the map 
7r : A($iH a d — > End A defined in (1.3). It follows that 7r maps (A<£>iJ ad ) ff bijectively 
onto E. Let x = J2i a i ® hi an d V — J2j c j ® 3j be two elements in (A <g) H a d) H . We 
get 

7r(ar)7r(j/) = XX a *)i ft * ""(j/) = E( a *)i ^(j/) h i = E( a * c j)i ffA- 

i i i,j 

This shows that (A<S> H a a) H regarded as a subalgebra of A®H° V is isomorphic to E 
as an algebra under it. Proposition 4.1 (i) with B = ff ad yields now D(*(£ op )) = E. 
If x is as before and ip E £7 then 

Y J {<pa i ) L °h i = { a i)L° S(tp") ohi = °( a i)L°hiO S(<p") = (p\>ir(x). 

i i,(ip) i,(ip) 

Hence the required action of -E on itself is exactly the adjoint one. To obtain the 
second isomorphism in (iii) one has to use the if-module map v : £f ad ® A — > End A 
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such that /i ® a i— > ho instead of n. The map v is bijective since v = 7r o lo where 
uo : i? a d ® A ^ A® H a d is a linear bijection defined by h <g> a i— > E(h) ® ^" with 
inverse a®h^ E(M h" ® S~ 1 (h')a. □ 

Remark. Observe the appearance of (_B*) op as an intermediate link in (i). In view 
of Proposition 4.1 the second isomorphism in (i) can be rewritten as (A ® A° P ) H = 
(E*)° p . If Ej a'j ® b'j G (A ® A) H corresponds to £ G E* under this isomorphism 
then, by (iii) of Proposition 4.1, (£,ip) — Ej a 'j i^'j ) f° r au ^ E. This together 
with (3.2) shows that we recover the embedding of (E*) op in A ® A° p that gives 
rise to the Miyashita-Ulbrich action of E* , that is, c£ = Ej a^c^. for all c e A. One 
has by symmetry (A <g> A p) b = (i?*) ?. 

Proposition 4.4. Suppose that V C i/ a d *s an H -submodule which generates H as 
an algebra, and let {e^} and {e*} be dual bases for V and V* . Then E is generated 
as an algebra by the operators 

*r = E^(e?)®e i ), r€D(*n (4.2) 

Proof. By Proposition 4.3 (iii) 7r maps the algebra B" = (A®B op ) H where B = H M 
isomorphically onto E. By Proposition 4.1(iv) B" is generated by (A®V) H . Finally, 
{A <g> U) ff = D(*V) in such a way that E* T ( e t) ® e i corresponds to r. □ 

Let cr e D(V) and t G D(*V) where V G ii-mod. Suppose that {ej and {e*} 
are dual bases for V and V* , respectively. Applying T<g>cr to the f/-invariant element 
E* ej ® e, G *V ® V, we get E* r(ef) <8> <7(e 2 ) G (A ® A) H . Define T T(T G by 

(Tr^) = E^)'Hei) for^GS (4.3) 

i 

(note that the right hand side belongs to A H — k). Suppose that {tj} and {o-j} are 
dual bases of D(V) and D(*V) with respect to the pairing D(*V) x D(V) — > k of 
Proposition 1.4(iv). 

Proposition 4.5. For er G D(V), r G D(*V) and p G E one has 

(T™,%))=EH<)-^,), (4-4) 

i 

(pa = E( T T 3 <7, ^CTj, (flT = Y.i^ra^S^Tj, (4.5) 

j j 

e(T Ta ) = (t,ct), A(T Ta ) = E T rff . ® T Tj ,. (4.6) 

Proof. One rewrites the right hand side of (4.4) as 

¥>'( E r(ej) • SWWei)) = E <T rCT ,%/')Ml), 

which collapses to (T rcr , 5(y;)) since <p'(l) = £(</?')■ Using Proposition 1.4(v) with 
*V in place of V, we obtain 

<M«) = E( u > e *><M e i) =E ff j( I 'h( e iW e i) = E( T r 3ff ,<p}^(«), 

^(0 - E<ei,0^(e?) =E^(e*)^-(e i )r j (0 = EO^.SfoOMO 
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for all v G V and £ E V* , whence (4.5). Substituting tp = id in (4.3) yields the first 
formula in (4.6). The last formula follows from the computation below, where we 
take tp, tp € E and use (4.3) and (4.5): 

(T TrT ,tptp) = E 7 "( e *)¥^M e i) = J2( T r ] a,ip)T(e*)tpa J (e l ) = E (T T(Jj . , tp) (X r ^ CT , tp) . 

i i,j j 

Proposition 4.6. If "V C A is an H -invariant subspace which generates the algebra 
A and i : V — > A is the inclusion map, then E* is generated as an algebra by the 
elements T TL with r G D(*V). 

Proof. By Proposition 4.3 the algebra A" — (A® A° V ) H is isomorphic to E*. Under 
this isomorphism the invariant Ei T ( e i) ® a { e i) g° es to T T(T o S (see the remark 
following Proposition 4.3). Take a = i and apply Proposition 4.1(iv). □ 

Remark. One can generalize the statement above as follows. If V € -ff-mod and 
cr G D{V) is such that a(V) generates the algebra A, then the set {T Tcr | r G D(*V)} 
generates the algebra E* . Quite similarly {T T(J | a G D(V)} generates E* as long 
as t(*V) generates A. 

Suppose next that if is co commutative. In this case *V = V* for all V G H-mod. 
Given cr G D(V) and t G I>(V*), define <$> Ta : A^ Aby the rule 

$ra(a) = E T «) acr ( e i) for a e A. (4.7) 

Let i? = Em Pm ® Pm be the triangular structure on E corresponding to R = 1 <g> 1. 
Applying (2.4), we get $ rff (a) - Ei, m T ( e *i)pX e i)pM- Thus $ ™ = /(T T(T ) 
where / : E* — > £7 is the map defined by £ i— > E m (£' P'mlP'm- ^ n particular, $ T(J G -E. 
Since / is a homomorphism of coalgebras, (4.6) translates into 

e($ Tff ) = (r, cr), A($ Tff ) - E ®ra 3 ® $ Tj a- (4-8) 

j 

Proposition 4.7. Suppose that H is cocommutative and A is central simple. De- 
note by Cy C E the subcoalgebra spanned by {f Ta | cr G D{V),t G 2}(V*)}. TTien 
the assignment V i— > C'v gives a bijection between the isomorphism classes of ir- 
reducible H -modules and the simple subcoalgebras of E. If k is algebraically closed 
then dimCV = (dimU) 2 for each irreducible V. 

Proof. The irreducible left ii-modules are in a bijective correspondence with the 
irreducible left i?-modules under the duality D. The latter correspond bijectively 
to simple right _B*-comodules, and those to simple subcoalgebras of E* . By (4.5) 
the comodule structure on D(V) is given by a i— > Ej a j ® T TjCr . It follows that the 
subcoalgebra C v C E* corresponding to D(V) is spanned by T T(T with a G D(V) 
and t G D(V*). It is therefore simple when V is irreducible. Since rki? = dimE 
by Proposition 2.3, the map / : E* — ► E is bijective. It is therefore a coalgebra 
isomorphism, and so it maps simple subcoalgebras of E* to simple subcoalgebras 
of E. Observe that /(C y ) = C v . Finally, dimC y = (dim£>(V)) 2 = (dim V) 2 when 
fc is algebraically closed. □ 

Proposition 4.8. Suppose that H is cocommutative and A is central simple. If 
V C A is an H -invariant subspace which generates the algebra A and i : V —* A 
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is the inclusion map, then E is generated as an algebra by the operators <& TL with 
reD(V*). 

Proof. Since / : E* — > E is bijective, it is an antiisomorphism of algebras. So the 
statement follows at once from Proposition 4.6. □ 

Proposition 4^9. Suppose that H is cocommutative. If c is the braiding of E-mod 
determined by R, then 

cd(V)D(v)(°-®°-') = Y,°]®®t ] *>o- for a,a' G D(V), (4.9) 

3 

C D {V>)D{V>){t®t') = E$™V®T j for t, t' G D(V*). (4.10) 

3 

Proof. Recall that D(V) ® .0(F) = D(F ® as described in Proposition 1.4(iii). 
So we have to evaluate both sides of (4.9) at u (g> v where u, v G V. Now 

a{v)a'{u) = E(^<M«K( e = E^iM^M^Kfe) 

by Proposition 1.4(v). In view of (2.5) this verifies identity (4.9) since cvv ■ V®V — > 
V <8> V is just the exchange of tensorands. Similarly, (4.10) is obtained by taking 
£, r? G and checking that 

rWT'(0 = E(e i ,r ? )r( e *)T'(0=ET(e|)r'(Oa j (e i )r,( ?? ). 

« «J □ 

Using the bijection / : E* —> E we can transfer to E the two -E-module structures 
on E* given by <p - £ = £ (0 (£", and ^ £ = E K) S(^)>£" where ip £ E, 
£ E E* and A£ = E(£) £' ® Denote the i^-module structures on _E obtained in 
this way likewise by — 1 and -v. Thus 

<P ^ fit) = f(<P ^ and <p -rf(£)= f(<p -r (4.11) 

Proposition 4.10. Suppose that H is cocommutative and A is central simple. The 
action —r makes E into a left E-module algebra. Given a G D(V) and r G D(V*) 
where V G H-vnod, one has 

p - 1 Qra = $ V T,a and -r $ T(J = $ Tl¥>CT . (4.12) 

Proof. The first assertion follows from the fact that (E*) op is a left i?-module algebra 
with respect to —r and / is an algebra isomorphism of (E*) op onto E. In view of 
(4.6) and (4.5) 

3 

<P —r T T(T = EC^Vffj, S(ip))T T]Cr = T VT;(r . 

3 

Applying / and using (4.11), we deduce (4.12). □ 
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5. Quantum Lie algebras and enveloping algebras 

Suppose that R = Ei r 'i ® r 'l is a triangular structure on H. Then for every 
V £ _ff-mod and n > the symmetric group & n operates on V® n via i/-module 
automorphisms. Precisely, if t p e 6„ is the transposition of p and p + 1 for some 
< p < n, then the action of t v in y®" is given by the operator id ®cyv <8> id where 
cyv '■ V®V — ► F®F is the braiding map in if- mod applied to the pth and (p+l)th 
tensorands of V® 11 . For s 6 & n denote by sy the corresponding transformation of 
y®n _ w jjj now S p ec i a ii ze the definition of Lie algebras in symmetric tensor 
categories proposed by Manin [25, Ch. 12]: 

Definition 5.1. A Lie algebra in H-mod is a pair (L, A) where L is an object and 
A : L® L — > L a morphism in £/-mod satisfying 

(i) Quantum anticommutativity: A is zero on the subspace of & 2 -fixed elements 
in L (g> L; 

(ii) Quantum Jacobi identity: Ao(id<8>A)o(id+Zi + z|) = on I® 3 where z € 63 
zs f/ie cydzc permutation (123). 

The permutation z = (12)(23) operates in L® 3 as (c_ll ® id) (id ®cll) — cl®l,l- 
By the naturality of the braiding one has (id<8>A) o zl = cll (A <S> id). Since 
id +zl + z\ = Zl (id +zl + z 2 L ) and A o cll = —A by the anticommutativity, the 
quantum Jacobi identity admits an equivalent formulation: 

A o (A ® id) o (id +z L + zl) = 0. 

By a quantum Lie algebra we mean a Lie algebra in ff-mod for an arbitrary tri- 
angular Hopf algebra, and we use brackets to denote the multiplication in quantum 
Lie algebras. A relevant notion due to Majid [23] does not require the tensor cate- 
gory to be symmetric but involves more axioms. The morphisms of Lie algebras in 
H-mod are defined in an obvious way. Any B G -ff-alg can be made into a quantum 
Lie algebra by means of the operation 

{b,d} q = bd-J2(r"d)(r' l b) iorb,deB. (5.1) 

i 

Definition 5.2. An enveloping algebra of a Lie algebra L in H-mod is a pair (B, t) 
where B E H-a\g and 1 : L — > B is an embedding of Lie algebras in H-mod such 
that l{L) generates B as an associative algebra. 

Lemma 5.3. Suppose that (B,i) is an enveloping algebra of L. Let {ei} be a basis 
for L and Xi = b{ei) for each i. Suppose that cll{&i ® ej) = Ei'j' R]j e j' ® e i' an< ^ 
e j] = Ei l\j e l where R lj i l\j e k. Then 

XiXj - E R ij x 3' X i' = E lij x l ■ ( 5 - 2 ) 

Proof. We have cbb{xi ®Xj) — Ej'j' R \j x j' since 1 is a morphism in _ff-mod. 
This shows that the left hand side of (5.2) coincides with the quantum Lie product 
[xi, Xj] q defined in (5.1). Now (5.2) just expresses the property that t is a morphism 
of quantum Lie algebras. □ 

Let us return to the settings (1.7). Suppose that R and R are mutually corre- 
sponding triangular structures on H and E = End// A. 
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Lemma 5.4. Let V € H-mod and s € & n . Denote by u e & n the involution that 
reverses the order of 1, ... ,n. 

(i) Under the isomorphism D(V® n ) = D(V)® n of Proposition 1.4(iii) D(s v ) 
corresponds to s~j^ v y 

(ii) Under the canonical isomorphisms (V® n )* = (y*)®" and *(y®«) (*y)®» 
in iJ-mod i/ie operator s v corresponds to (us^ 1 u^ 1 ) v » and *s v to (us _1 u _1 )»y. 

Proof. It suffices to consider only transpositions s = t p (since & n is generated by 
those). In case (i) the assertion follows from the commutativity of diagram (2.5). 
For left duals we use the diagram 



where V, W € -H-mod. The commutativity of this diagram is a general property 
of braided tensor categories. In case of Hopf algebras this property reduces to the 
identity E l (tS(r' l )v){n 1 S^)w) = £. fcr^forj'tu) where £ G V* , r, G VF*, 
w £ V, tu G W. The latter does hold since (5 ® 5*)(i?) = i? [10]. The isomorphisms 
in (ii) reverse the tensorands, and therefore (t p ) v corresponds to (t n - p -i)v* ■ The 
case of right duals is similar. □ 

Proposition 5.5. Suppose that (L,X) is a Lie algebra in H-mod. Then: 

(i) (D(L*),D(X*)) and (D(*L), D(*X)) are Lie algebras in E-mod. 

(ii) If (B,l) is an enveloping algebra of L, then (Z)((_B op )*) , D(i*)) is an en- 
veloping algebra of D(L*) and (D(*(B°p)),D(*l)) that of D(*L). 

(iii) If A (respectively, H*^, i? a d) * s an enveloping algebra of L, then E*_± (re- 
spectively, A, E ad ) is an enveloping algebra of both D(L*~) and D(*L). 

Proof. Let A' = D(X*) and V = D(L*). The fixed point subspace I = (L ® L) &2 
can be characterized as the kernel of the transformation id— ti, where t G S2 is 
the transposition. Since the functor £>(?*) is exact, it follows from Lemma 5.4 that 
D(I*) coincides with the subspace of 62-fixed elements in L' ®L' . Clearly A' is zero 
on D(I*). Since {e, z, z 2 } is a normal subgroup of S3, the functor £>(?*) transforms 
the quantum Jacobi identity for L into the identity A' o (A' <8>id) o (id+ZL> +z\,) = 0. 

Let fj, : B ® B — > B denote the associative multiplication. Put B' — D(B*) and 
// = D(p*). The quantum Lie multiplication in B is /j — /i o cbb and that in B' 
is fi' — fi' o cb'B'- These two correspond to one another under the functor D(?*). 
By functoriality d = D(i*) is a homomorphism of Lie algebras in _E-mod. It is an 
embedding since D is exact. The image of l' generates B' by Proposition 4.1(iv). 
Right duals are treated similarly. Part (iii) follows from Proposition 4.3. □ 



Let A: be a field of characteristic p > and g a finite dimensional p-Lie algebra 
over k. For ( e g* denote by U^(g) the corresponding reduced enveloping algebra 
of g. Thus L^(g) is the factor algebra of the universal enveloping algebra U(g) by 
its ideal generated by central elements x p — — £,(x) p l with i£g. We identify g 
with a Lie subalgebra in each U^(q). There is an algebra homomorphism 




6. Reduced enveloping algebras as Galois algebras 
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A : Ufa) - U (g) ® Ufa), 



i 1 ® j; + 1 ® 1 for i e g. 



(6.1) 



In particular, A makes Uo{q) into a cocommutative Hopf algebra, and each Ufa) is a 
Uo (g)-comodule algebra. Next, the adjoint action of on itself extends to a restricted 
action of g by derivations on Ufa). In general, if operates as a p-Lie algebra of 
derivations on an algebra A, one may regard A as a left [/o(fl)-module algebra. 
We say that A is g-Galois if A is f7o(fl)*-Galois with respect to the corresponding 
comodule structure. 

Proposition 6.1. The algebra U^(g) is g-Galois if and only ifU^(g) is central sim- 
ple. In this case the comodule structure (6.1) corresponds to the Miyashita-Ulbrich 
action of U (g)* . 

Proof. Let H = Uo(g) and A = U^(g). There is then an isomorphism of algebras 
v : A # H -> A ® A op defined by v{u # 1) = u <S> 1 and # x) = x ® 1 - 1 ® x 
for m G A and i£g (one can easily construct the inverse) . If k : A <g> A op — > End ^4 
is the canonical homomorphism given by left and right multiplications, then n o v 
coincides with (1.3). Hence k is bijective if and only if so is map (1.3). This proves 
the first assertion. As follows from (3.1), the comodule structure b \— ► J2i hi <8> bh* 
corresponding to the Miyashita-Ulbrich action is characterized by the condition that 
ft'Q2ibh* <8> hi), where ir' is defined in (1.4), is the left multiplication by b in A. 
Since xu — (adi)u + ux, we see that the left multiplication by x e g coincides 
with 7r'(l eg) x + x <S> 1). Hence (6.1) gives this comodule structure on elements of g. 
Since L^(g) is generated by g, formula (6.1) determines the structure of a comodule 
algebra uniquely □ 

Remark. The algebra U^(g) is C/o(g)-Galois with respect to (6.1) for any g and 
£. Furthermore, the corresponding Miyashita-Ulbrich action is exactly the adjoint 
action of Uo(g) on U^(g). Hence Proposition 6.1 is an instance of general results in 
[46] and [8] which were reproduced in Proposition 3.3. 

If g is Frobenius then dimg is even and the maximum dimension of irreducible 
g- modules over an algebraically closed extension field of k equals p? dlmfl by [27] or 
[33, Th. 4.4]. Note that dim U n (g) = p dim0 for every -n G g* by the PBW theorem. 
In case of an algebraically closed k this means that the algebras U v (g) are simple 
for all r\ in a nonempty Zariski open subset of g*. This provides a plentiful supply 
of central simple g-Galois algebras. Proposition 6.2 below adapts to characteristic p 
one of the arguments due to Ooms [32, Th. 3.3] who studied Frobenius Lie algebras 
in characteristic 0. Recall that g is unimodular if ad s x has trace for every i£g. 

Proposition 6.2. If g is Frobenius and unimodular, then dimg = (mod2p). 

Proof. Let £ G g* be a linear function such that the associated alternating bilinear 
form /?£ is nondegenerate. Then the map 0^0* given by x *—> £ o (ad a;) is bijective. 
There exists x G g such that £ o (adx) = £, that is, £([a;y]) = for all y G g. 
Consider the weight space decomposition g = ®g\ with respect to the adjoint 
transformation ad a;. Here 

0a = {yeg | (adx - Xid) n y = 0} 

for A G k and sufficiently big n. Our choice of x ensures that £(0a) = whenever 
A ^ 1, and so £([0a0/x]) = for all X,fi G k such that A + /i / 1. The restriction of 
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induces a nondegenerate pairing 0a x fli-A — > fc for each A € fc. This shows that 
dim 0a = dimgi_A- If 2A = 1 then dim 0a is even as 0a admits a nondegenerate 
alternating bilinear form. Hence tr(adx) = ^ A (dini0A)A = ™ fl l. If tr(adx) = 0, 
then 4™a = (modp). □ 

Further on we assume that U^(q) is central simple and E% = End B U^(q). 

Theorem 6.3. Under the above assumption one has: 

(i) There is a unique comultiplication on with respect to which E^ is a Hopf 
algebra and U^(g) is a left E^-module algebra. 

(ii) There is a triangular structure R = J2 m p'm ® Pm °f maximal rank on E^ 
such that uv — J2 m (Pm v )(Pm u ) f or a M u i v ^ U^{q). In particular, E£ = E^ p as 
Hopf algebras. 

(iii) The antipode S of E^ has order 2p or 2 (with the exception of the case = 
when S = id) . Moreover, S 2 = id if and only if is unimodular. 

Proof. Assertions (i) and (ii) are special cases of Theorem 1.6, Propositions 2.2 and 
2.3. The order of the antipode is determined in Theorem 3.8. The Hopf algebra Uo(q) 
is generated by primitive elements, and so it is pointed irreducible. In particular, 
it contains a single grouplikc clement. The modular function a : U (g) — > k is 
determined by a(x) — tr(ad fl x) for i£g (cf. [16, Remark in 1.9.7]). In particular, 
Uo(q) is unimodular if and only if so is [22, p. 91]. According to (6.1) the Miyashita- 
Ulbrich action of a on U^(q) is given by xa = x + a(x)l for i£g. Hence xa p — 
x + pa(x)l = x for all x. Since a operates as an automorphism, we have aP = 1. 
Thus the order of a is either por 1. Finally, note that the order of S is even unless 
E{, hence also Uo(q) are commutative, which is only possible when = 0. □ 

As explained in Proposition 1.4, there is a duality D between Uo(g)-rr\od and 
E^-mod. We will use the ^-module D(V) = Hom B (V, U^(g)) when V is either the 
adjoint 0-module or the coadjoint one 0*. Let {e^} and {e*} be dual bases for 
and 0*. Recall that the nondegenerate pairing D(q*) x D(q) — > k is defined by the 
formula (r, a) = J2i T ( e *) a ( e i) f° r T e D(q*) and a e D(q). Both Proposition 4.4 
and Proposition 4.8 describe generating subspaces for the algebra E%. We may take 
V = and i : q — ► U^(g) the canonical embedding. Then $ Tt e E% are defined 
for all r G D(g*). As 

i i i 

for all u E U^(q), one sees that ^ T — (r, t) id — 4> Tt . Consider the triangular structure 
R on E% corresponding to the triangular structure R = 1 ® 1 on Uq(q). 

Theorem 6.4. D(q*~) is a Lie algebra in E^-mod with respect to the multiplication 

[r,r , m=E(^[e j ,e i })T(e*y(e* j ), r,r' e D(q*), £ e 0*. (6.2) 

The algebra E^ equipped with either the adjoint action on itself or the action —? 
described in Proposition 4.10 is an enveloping algebra of D(q*). The corresponding 
embeddings D(q*) — > E% are given by t i— > * T and r i— > $ Tt7 respectively. 

Proof. Equipped with the adjoint action on itself, is a Lie algebra in J7 o (0)-mod. 
Indeed, the quantum anticommutativity and Jacobi identity in J7 o (0)-mod coincide 
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with the their ordinary versions since R = 1 ® 1. Now D(g*) is a quantum Lie 
algebra by Proposition 5.5. Next, U v (g) is an enveloping algebra of g for any r\ G g* . 
By Proposition 5.5 the functor D(l*) transforms U v (g) into an enveloping algebra 
of D(g*). If r/ = (respectively, r\ = £), the result is (£^) a d (respectively, (E£)^). 
The ^-module algebra in the second case is isomorphic to (i?|) op with the action 
of given by —r. Finally, (E£) op = E^ as ^-module algebras with respect to —r. 
The embedding of D(g*) into (£^) a d is described in Proposition 4.4 with V = g. 
The embedding of D(g*) into (_E|) op is given byr^ T Tt (cf. Proposition 4.6). The 
element T Tt corresponds to <E> Tt in E^. □ 

Example 1. Let g be the 2-dimensional Lie algebra with a basis eo, e\ and the 
multiplication [e ,ei] = e\. The [p]-map on g is given by e{f' = e and = 0. If 
£(ei) 7^ for £ G g*, then C^(fl) has a p-dimensional absolutely irreducible module 
[42, 6.9]. Since dimt/^g) = p 2 , this means that U^{g) is central simple. One can 
easily check that the linear functions £ satisfying £(ei) ^ constitute a conjugacy 
class with respect to the automorphism group of g. We may assume therefore that 
£(e ) = and £(ei) = 1. Then e^J = e and e? x = 1 in t/t(g). 

The tables below give dual bases for D(g*) and D(g) with respect to the pairing 
D(g*) x D(g) — > /c, the multiplication in the quantum Lie algebra D(g*) and the 
action of elements ipi = ^ Ti cn in the i^-module D(g*): 





e 




TO 


1 




n 





er 1 





eo 


ei 


O"0 


1 





CTl 


eo 


ei 





TO 


Tl 


T"0 





-Tl 


n 


Tl 








TO 


Tl 


Po 





Tl 




To - Tl 


Tl 



One sees that D(g*) is in fact an ordinary Lie algebra isomorphic to g. The alge- 
bra E^ is generated by (po,<fi (note that <j\ is the canonical embedding of g into 
One checks that $ tq cq — id and Q Tiaa — 0. The braiding map C£>( g *)£>(g*) is 
computed from (4.10) as 

To <8> T i-> T T , T (8) Tl Tl ® (t + Tl), 

Ti (g) T H-> (t — Tl ) ® Tl , Tl ® Tl I— > Tl ® Tl . 

Only one of the quadratic relations (5.2) is independent in the present settings. For 
i = 0, j = 1 it gives iySo</?i — ¥>i(Po + Vi) = — Pi- The pth powers of ipo, ipi can be 
figured out by computing straightforwardly in the algebra U^(g) <S> U^(g) op . Note 
that ipo, fi are represented by the elements 1 ® eo — eoej -1 ® ei and e" 1 ® ei in 
the latter algebra. The coproduct in E% is derived from (4.8). Altogether we get the 
following relations: 

[<A),Pi] = Pi - Pi, Po = fo, P? = L 

A(<^o) = l<S>Po + Po®Pi, A(<^i) = 931 <8></Ji, 

e(p o ) = 0, e(^i) = 1, S(ip ) = -ipotp^ 1 , S"(Pi) = Pi^- 

In this example one can recognize the Hopf algebra H p described in [35, p. 158]. This 
Hopf algebra appears also in the family of Hopf algebras L n , n > 0, constructed 
in [45, Lemma 7]. In general dimL„ = p 2n and the antipode of L n has order 
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2p n . One can suspect that L n can be realized as the endomorphism Hopf algebra 
of a Galois algebra for the nth Frobenius kernel of the 2-dimensional nonabelian 
algebraic group. 

Example 2. Let q be the 4-dimensional Lie algebra with a basis eo,ei,e2,e3 
and nonzero commutators 

[e ,ei]=aei, [e ,e 2 ] = 6e 2 , [e , e 3 ] = (a + b)e 3 , [ei,e 2 ] = e 3 

where a, 6 are integers such that a + b ^ (mod p). One has e{f' = e and e[ p ' = 
for z > 0. This Lie algebra is unimodular only when p = 2. The representations of 
can be easily determined using methods of [41], [48]. If £(e 3 ) ^ then U^(g) has an 
absolutely irreducible module of dimension p 2 which is induced from a onedimen- 
sional module over the subalgebra of q spanned by e 2 ,e3. Hence U^(g) is central 
simple in this case. The automorphism group operates transitively on the set of lin- 
ear functions satisfying £(e 3 ) ^ 0. So we may assume that £(e 3 ) = 1 an d £( e = 
for i ^ 3. The data comprised in the tables below has the same meaning as in the 
previous example: 
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Here c, c? are integers such that b + c(a + b) = 0, a + d(a + 6) = 0, hence also 
c + d + 1 = (modp). The multiplication in D(g*) is no longer anticommutativc 
in the ordinary sense as [toTo] ^ 0. The elements ipi = ^ Ti a 3 generate Eg, and the 
relations fulfilled in E% are listed below. We omit the details of the computations: 

[<Po,<Pi] = a<pi(2<p 3 -l), [<Po,<P2]=b(p2{2(p3-l), [ipo,tp 3 ] = (a+b)((pl-(p 3 ), 

[Vl) <P2] = ¥>§ ~ ^3, [Vli ^3] = [<^2, <P3] = 0, 

^0 = <Po, ¥1=^2 = 0) ^3 = X ! 
A(<^ ) = 1 ® - a</3 2 <^ 3 ® </>i + 6yi^ 3 <8> <^2 + ^0 ® <^3, 

A(<^i) = <^g d ®93i + ^l®<P3, A(y3 2 ) = ¥> 3 C ®<P2 + <P2«'¥'3, A(<£ 3 ) = (^30(^3, 

e(p ) = = e{<p 2 ) = 0, e(<£ 3 ) = 1, 
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S(<p ) = (btpiw - atp 2 <Pi - WP3)<P 3 , 
S(<pi) = -ip x ipl~ x , S{ip 2 ) = -WPf 1 , S(<p 3 ) = <p3 1 . 

The assignments ipo <—> Z, tpi i— > X , ip2 > Y , ^3 i— > 1 define a homomorphism of Eg 
onto the Hopf algebra of dimension p 3 with generators X, Y, Z and relations 

[Z, X] = aX, [Z, Y] = bY, [X, Y] = 0, Z p = Z, X p = Y p = 0, 
A(Z) = l®Z-aY®X + bX®Y + Z®l, 
A(X) = 1®X + X®1, A(Y) = l®y + Y <g> 1. 

It may be amusing to compare this Hopf algebra with the Hopf algebra if from [44] . 

The Hopf algebras in examples 1, 2 are pointed. In the light of attempts to 
classify pointed Hopf algebras (e.g., [2]) it may be of interest to single out those 
Hopf algebras among the Eg's. 

Proposition 6.5. Suppose that k is algebraically closed and U^(g) is simple. Then 
E^ is pointed if and only if [q,q] consists of [p]-nilpotent elements. 

Proof. In order that E^ be pointed it is necessary and sufficient that E£ have only 
onedimensional irreducible modules. Since E£ = E^ = Uo{g) as algebras, an equiv- 
alent condition is that Uq(q) has only onedimensional irreducible modules or, in 
other words, [g, g] annihilates the irreducible C/o(fl)-niodules. In view of Engel's the- 
orem [42, Ch. 1, Cor. 3.2] this can be rephrased by saying that all elements of [g,g] 
operate nilpotently in [/o(g)-modules. Taking a faithful [/o(0)-module, we deduce 
that ajW =0 for all x <E [g,g] when n is sufficiently big. □ 

Remark. If k is not algebraically closed, one must add the condition that g con- 
tains a split torus of maximal dimension. 

Conjecture 6.6. Let g be any p- Lie algebra and^,n € 0*. 

(i) U^(g) is central simple if and only if the alternating bilinear form (3^ associated 
with £ is nondegenerate. 

(ii) The Hopf algebras E^ and E v are isomorphic whenever both U^(g) and U n (g) 
are central simple. 

Currently I can prove that (i) holds if either g is solvable or k is algebraically 
closed and ad 9 C LieG where G is the automorphism group of g. In the second 
case (ii) is also fulfilled. These results will appear elsewhere. 
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